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COMPLEX LIPSCHITZ STRUCTURES AND BUNDLES OF COMPLEX
CLIFFORD MODULES
C. LAZAROIU AND C. S. SHAHBAZI
Abstract. Let (M, g) be a pseudo-Riemannian manifold of signature (p, q). We construct mutu-
ally quasi-inverse equivalences between the groupoid of bundles of weakly-faithful complex Clifford
modules on (M, g) and the groupoid of reduced complex Lipschitz structures on (M,g). As an
application, we show that (M, g) admits a bundle of irreducible complex Clifford modules if and
only if it admits either a Spinc(p, q) structure (when p+ q is odd) or a Pinc(p, q) structure (when
p + q is even). When p − q ≡8 3, 4, 6, 7, we compare with the classification of bundles of irre-
ducible real Clifford modules which we obtained in previous work. The results obtained in this
note form a counterpart of the classification of bundles of faithful complex Clifford modules which
was previously given by T. Friedrich and A. Trautman.
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1. Introduction
In reference [1], T. Friedrich and A. Trautman classified bundles of faithful complex Clifford mod-
ules over a connected pseudo-Riemannian manifold (M, g) in terms of complex Lipschitz structures
(see also [2]). In this note, we establish a general equivalence of categories between the groupoid of
weakly-faithful1 complex Clifford modules over a connected pseudo-Riemannian manifold of arbitrary
signature (p, q) and the groupoid of complex Lipschitz structures associated to the corresponding
fiberwise representation. This equivalence, which we give in Proposition 5.17 and Theorem 5.19,
clarifies and extends the correspondence given in [1, Sec. 5, Theorems 2 and 3] between bundles of
faithful complex Clifford modules and the corresponding complex Lipschitz structures.
The fibers of a bundle S of irreducible complex Clifford modules are faithful iff the dimension
d = p + q of M is even (in which case they are “Dirac representations” in the language of [1]). In
this case, the results of [1] imply that the corresponding complex Lipschitz structure is homotopy-
equivalent with a Pinc(p, q) structure. When d is odd, the fibers of a bundle S of irreducible
complex Clifford modules are weakly-faithful but not faithful (they are “Pauli representations” in
the language of [1, 2]). In this case, we show that the corresponding complex Lipschitz structure is
homotopy-equivalent with a Spinc(p, q) structure. In particular, this shows that an odd-dimensional
pseudo-Riemannian manifold admits a bundle of irreducible complex Clifford modules if and only
if it admits a Spinc(p, q) structure, in which case any such bundle is associated to the appropriate
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Spinc(p, q) structure through the tautological representation. We also show that the classifications
of Spinc(p, q) structures and of bundles of irreducible complex Clifford modules agree and hence
the isomorphism classes of the latter form a torsor over H2(M,Z) when (M, g) admits a Spinc(p, q)
structure.
Reference [3] solved a similar classification problem for bundles of irreducible real Clifford modules
in terms of real Lipschitz structures. The two problems are related by the faithful realification
functor, which maps a bundle S of complex Clifford modules to the underlying bundle of real Clifford
modules. When the fibers of S are complex-irreducible, they are also real irreducible exactly when
p− q ≡8 3, 4, 6, 7, so in these cases it is natural to compare the two categories. For such signatures,
we show that the realification functor is faithful and strictly surjective but not full and we describe
its preimage. When M is unorientable with p− q ≡8 3, 7, the pseudo-Riemannian manifold (M, g)
does not admit bundles of complex irreducible Clifford modules. However, such (M, g) can admit
Spino(p, q) structures (and hence bundles of real irreducible Clifford modules) provided that the
topological conditions given in [3] are satisfied.
Notations and conventions. All manifolds considered are smooth, paracompact, Hausdorff and
connected. All fiber bundles and sections thereof are smooth. For a field K ∈ {R,C}, let AlgK denote
the category of unital associative K-algebras and unital algebra morphisms. The unit groupoid of
any category C is denoted by C×; it is defined as the groupoid obtained from C by keeping only the
invertible morphisms.
2. Complexified Clifford algebras and complex Clifford groups
A real quadratic space is a pair (V, h), where V is a finite-dimensional R-vector space and h is a
symmetric and non-degenerate R-bilinear pairing defined on V . Given a real quadratic space (V, h),
let Cl(V, h) denote its real Clifford algebra. By definition, the complexified Clifford algebra of (V, h)
is the complexification Cl(V, h)
def.
= Cl(V, h) ⊗R C. There exists a natural unital isomorphism of
C-algebras:
Cl(V, h) ≃Alg
C
Cl(VC, hC) ,
where VC
def.
= V ⊗R C is the complexification of V and hC : VC × VC → C is the C-bilinear extension
of h : V × V → R.
2.1. The categories ClC and ClR. Let Quad be the category whose objects are real quadratic
spaces and whose arrows are isometries between such and let Quad× denote the unit groupoid of
Quad. The Clifford algebra construction gives two functors:
• The real Clifford functor Cl : Quad→ AlgR, which maps a real quadratic space (V, h) to its
real Clifford algebra and maps an isometry ϕ0 : (V, h)→ (V
′, h′) to the mapCl(ϕ0) : Cl(V, h)→
Cl(V ′, h′) defined as the unique unital morphism of associative R-algebras which satisfies
the condition Cl(ϕ0)|V = ϕ0. The image of this functor is a non-full sub-category of AlgR
which we denote by ClR.
• The complexified Clifford functor Cl : Quad → AlgC, which maps a quadratic real vector
space (V, h) to its complexified Clifford algebra Cl(V, h) and maps an isometry ϕ0 : (V, h)→
(V ′, h′) to the C-linear extension Cl(ϕ0)
def.
= Cl(ϕ0) ⊗R C of Cl(ϕ0). The image of this
functor is a non-full sub-category of AlgC which we denote by ClC.
The corestrictions of the functors Cl and Cl to their images give isomorphisms (i.e., strictly
surjective equivalences) of categories between Quad and ClR, respectively Quad and ClC. The cat-
egory Quad admits a skeleton whose objects are the standard quadratic spaces Rp,q
def.
= (Rp+q, hp,q),
where hp,q : R
p+q × Rp+q → R is the standard symmetric bilinear form of signature (p, q). The
objects of this skeleton form a countable set indexed by the pairs (p, q) ∈ Z≥0 × Z≥0. Accord-
ingly, the category ClR admits a skeleton whose objects are given by the real Clifford algebras
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Clp,q
def.
= (Rp,q, hp,q), while ClC admits a skeleton whose objects are given by the complex Clifford
algebras Clp,q
def.
= Cl(Rp,q, hp,q) = Clp,q ⊗R C.
Remark 2.1. A morphism ψ : Cl(V, h) → Cl(V ′, h′) in the category ClC is a morphism of unital
associative algebras which satisfies ψ(V ) ⊂ V ′ and hence is necessarily of the form ψ = Cl(ϕ0) for a
uniquely-determined isometry ϕ0 : (V, h)→ (V ′, h′), given by ϕ0
def.
= ψ|V . Notice that ClC does not
contain any isomorphism between complexified Clifford algebras associated to quadratic real vector
spaces of different signatures.
2.2. The complex Clifford group. Let (V, h) be a quadratic real vector space. Let π be the
parity involution of Cl(V, h), τ be the reversion anti-automorphism and τ˜
def.
= τ ◦ π be the twisted
reversion. Let πC be automorphism of Cl(V, h) given by the C-linear extension of π and τC be the
antilinear extension of τ :
τC(x⊗R z) = τ(x) ⊗R z¯ , x ∈ Cl(V, h) , z ∈ C .
Finally, let τ˜C
def.
= τC ◦ πC.
Let Cl(V, h)× be the group of invertible elements of the algebra Cl(V, h) and A˜d : Cl(V, h)× →
AutC(Cl(V, h)) be the twisted adjoint action:
A˜d(x)(y) = π(x)yx−1 ∀ x ∈ Cl(V, h)× ∀ y ∈ VC .
Recall that the twisted norm of Cl(V, h) is the map N : Cl(V, h)→ Cl(V, h) given by:
N(x)
def.
= τ˜C(x)x , ∀x ∈ Cl(V, h) .
Also recall the following (see [4]):
Definition 2.2. The complex Clifford group is the subgroup of Cl(V, h)× defined through:
Γ(V, h)
def.
=
{
x ∈ Cl(V, h)× | A˜d(x)(V ) = V
}
.
The complex special Clifford group is the subgroup consisting of all even elements of Γ(V, h):
Γs(V, h)
def.
= Γ(V, h) ∩ Cl+(V, h) ,
where Cl+(V, h) denotes the “even subalgebra” of Cl(V, h).
The twisted norm restricts to a group morphism N : Γ(V, h)→ C×.
Remark 2.3. We have Γ(V, h) ⊂ G(V, h), where:
G(V, h)
def.
=
{
x ∈ Cl(V, h)× | A˜d(x)(VC) = VC
}
is the ordinary Clifford group of (VC, hC). Moreover, an element x of G(V, h) belongs to Γ(V, h) if
and only if the orthogonal transformation A˜d(x) ∈ O(VC, hC) preserves the real subspace V ⊂ VC.
Equivalently, if c : VC → VC is the real structure (antilinear involution) on VC with real subspace
(subspace of fixed points) V ⊂ VC, then an element x of G(V, h) belongs to Γ(V, h) if and only if
c ◦ A˜d(x) = A˜d(x) ◦ c. In contrast with G(V, h), the complex Clifford group Γ(V, h) depends on the
signature of the real quadratic space (V, h).
Finally, recall that the groups Pinc(V, h) and Spinc(V, h) are defined as follows [4, 5]:
Pinc(V, h) = Ker(|N | : Γ(V, h)→ R>0) ,
Spinc(V, h) = Ker(|N | : Γs(V, h)→ R>0) .
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Proposition 2.4. One has short exact sequences:
1 −→ Pinc(V, h) −֒→ Γ(V, h)
|N |
−→ R>0 −→ 1 ,
1 −→ Spinc(V, h) −֒→ Γs(V, h)
|N |
−→ R>0 −→ 1 .
Moreover Γ(V, h) is homotopy-equivalent with Pinc(V, h) and Γs(V, h) is homotopy-equivalent with
Spinc(V, h).
Proof. Exactness of both sequences is obvious. The map:
r : Γ(V, h) → Pinc(V, h) ,
r(x)
def.
=
x√
|N(x)|
,(1)
is a homotopy retraction of Γ(V, h) onto Pinc(V, h). The proof for Spinc(V, h) is similar, the corre-
sponding homotopy retraction being given by r|Γs(V,h). Notice the relation:
Ad(r(x)) = Ad(x) ∀x ∈ Γ(V, h) .

We have Γ(V, h) ≃ Pinc(V, h)·C× and Γs(V, h) ≃ Spinc(V, h)·C×. The following theorem summarizes
the key properties of Γ(V, h), Γs(V, h), Pinc(V, h) and Spinc(V, h).
Theorem 2.5. [4] There exist short exact sequences:
1 −→ C× −֒→ Γ(V, h)
A˜d
−→ O(V, h) −→ 1 ,
1 −→ U(1) −֒→ Pinc(V, h)
A˜d
−→ O(V, h) −→ 1 ,
where U(1) is the subgroup of Cl(V, h)× consisting of elements of the form 1 ⊗ z with |z| = 1.
Likewise, one has short exact sequences:
1 −→ C× −֒→ Γs(V, h)
A˜d
−→ SO(V, h) −→ 1 ,
1 −→ U(1) −֒→ Spinc(V, h)
A˜d
−→ SO(V, h) −→ 1 .
Moreover, there exist canonical isomorphisms of groups:
Pinc(V, h) ≃ Pin(V, h) ·U(1)
def.
= (Pin(V, h)×U(1)) / {(1, 1), (−1,−1)}
and:
Spinc(V, h) ≃ Spin(V, h) · U(1)
def.
= (Spin(V, h)×U(1)) / {(1, 1), (−1,−1)} .
3. Complex Clifford representations and complex Lipschitz groups
Let (V, h) be a real quadratic space.
Definition 3.1. A complex Clifford representation is a unital morphism of associative R-algebras
γ : Cl(V, h)→ EndC(S), where S is a finite-dimensional vector space over C.
A complex Clifford representation γ endows S with the structure of (unital) left module over
Cl(V, h), while the multiplication of vectors with complex scalars endows S with a compatible
structure of (unital) finite rank (and necessarily free) right module over the field of complex numbers.
Conversely, any such bimodule (which we shall call a complex Clifford module) can be viewed as a
complex Clifford representation.
Extending γ by complex linearity gives a unital morphism of associative C-algebras:
(2) γC : Cl(V, h)→ EndC(S) .
Conversely, every unital morphism of associative C-algebras from Cl(V, h) to EndC(S) restricts to
a complex representation of Cl(V, h). Any complex Clifford representation γ : Cl(V, h) → EndC(S)
also induces a real Clifford representation γR : Cl(V, h) → EndR(SR) on the realification SR of
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S (defined as the underlying real vector space of S), which is an R-vector space of dimension
dimR SR = 2dimC S.
3.1. Unbased morphisms of complex Clifford representations. Let γ : Cl(V, h) → EndC(S)
and γ′ : Cl(V ′, h′)→ EndC(S′) be two complex Clifford representations.
Definition 3.2. A morphism of complex Clifford representations from γ to γ′ is a pair (ϕ0, ϕ) such
that:
1. ϕ0 : V → V ′ is an isometry from (V, h) to (V ′, h′)
2. ϕ : S → S′ is a C-linear map
3. γ′(Cl(ϕ0)(x)) ◦ ϕ = ϕ ◦ γ(x) for all x ∈ Cl(V, h).
A morphism of complex Clifford representations is called based if V ′ = V and ϕ0 = idV . A (not
necessarily based) isomorphism of complex Clifford representations from γ to itself is called an
automorphism of γ.
In our language, a morphism of complex representations in the traditional sense corresponds to
a based morphism. Since Cl(V, h) is generated by V and Cl(V ′, h′) is generated by V ′ while the
morphism Cl(ϕ0) is R-linear, condition 3. in Definition 3.2 is equivalent with:
γ′(ϕ0(v)) ◦ ϕ = ϕ ◦ γ(v) ∀ v ∈ V ,
which can also be written as:
Rϕ ◦ γ
′ ◦ ϕ0 = Lϕ ◦ γ|V ,
or
Rϕ ◦ γ
′ ◦Cl(ϕ0) = Lϕ ◦ γ ,
where Lϕ : EndC(S)→ HomC(S, S′) and Rϕ : EndC(S′)→ HomC(S, S′) are defined as follows:
Lϕ(A)
def.
= ϕ ◦A , Rϕ(B)
def.
= B ◦ ϕ , ∀ A ∈ EndC(S) , ∀ B ∈ EndC(S
′) .
Cl(V ′, h′)
γ′ // EndC(S′)
Rϕ

HomC(S, S
′)
Cl(V, h)
Cl(ϕ0)
OO
γ
// EndC(S)
Lϕ
OO
With morphisms defined as above, complex Clifford representations form a category denoted ClRep,
were compatible morphisms (ϕ0, ϕ) and (ϕ
′
0, ϕ
′) compose pairwise, that is (ϕ′0, ϕ
′) ◦ (ϕ0, ϕ)
def.
=
(ϕ′0 ◦ϕ0, ϕ
′ ◦ϕ). The functor Π : ClRep→ ClR which takes γ into Cl(V, h) and (ϕ0, ϕ) into Cl(ϕ0) is
a fibration whose fiber aboveCl(V, h) is the usual categoryRepC(Cl(V, h)) of complex representations
of Cl(V, h) (whose morphisms are the based morphisms of complex representations). Isomorphisms
in RepC(Cl(V, h)) are the usual equivalences of complex representations. Hence equivalences of
complex representations of real Clifford algebras coincide with based isomorphisms of ClRep; in
particular, any isomorphism class of complex Clifford representations in the category ClRep decom-
poses as a disjoint union of equivalence classes. A morphism (ϕ0, ϕ) is an isomorphism in ClRep if
and only if both ϕ0 and ϕ are bijective.
Proposition 3.3. Let (ϕ0, ϕ) : γ
∼
→ γ′ be an isomorphism of complex Clifford representations. Then
(ϕ0, ϕ) satisfies Ad(ϕ)(γ(V )) = γ
′(V ′) and γ′ ◦ ϕ0 = Ad(ϕ) ◦ γ|V , where the unital isomorphism of
C-algebras Ad(ϕ) : EndC(S)→ EndC(S′) is defined through:
Ad(ϕ)(A)
def.
= ϕ ◦A ◦ ϕ−1
for all A ∈ EndC(S).
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Proof. When (ϕ0, ϕ) is an isomorphism, condition 3. in Definition 3.2 becomes:
γ′ ◦ Cl(ϕ0) = Ad(ϕ) ◦ γ ,
being equivalent with the condition γ′ ◦ ϕ0 = Ad(ϕ) ◦ γ|V , which states that ϕ implements the
isometry ϕ0 : (V, h) → (V ′, h′) at the level of the representation spaces. The Proposition now
follows from the fact that Cl(ϕ0)|V = ϕ0 and ϕ0(V ) = V ′. 
3.2. Weakly-faithful complex Clifford representations.
Definition 3.4. A complex Clifford representation γ : Cl(V, h)→ EndC(S) is called weakly-faithful
if the restriction γ0
def.
= γ|V : V → EndC(S) is an injective map.
Remark 3.5. Notice that γ|V = γC|V and that any faithful complex Clifford representation is weakly-
faithful.
Let ClRepw denote the full sub-category of ClRep whose objects are the weakly-faithful complex
Clifford representations and let ClRep×w denote the corresponding unit groupoid. When γ and γ
′
are weakly-faithful and (ϕ0, ϕ) : γ → γ′ is an isomorphism of Clifford representations, Proposition
3.3 shows that ϕ0 is uniquely determined by ϕ through the relation:
(3) ϕ0 = (γ
′|V ′)
−1 ◦Ad(ϕ) ◦ γ|V .
It is easy to see that the converse also holds, so we have:
Proposition 3.6. Assume that γ and γ′ are weakly-faithful. Then any isomorphism (ϕ0, ϕ) : γ
∼
→ γ′
is determined by the linear isomorphism ϕ : S
∼
→ S′. We have Ad(ϕ)(γ(V )) = γ′(V ′) and ϕ0 is given
by relation (3). Conversely, any linear isomorphism ϕ : S → S′ which satisfies Ad(ϕ)(γ(V )) =
γ′(V ′) determines an isomorphism of quadratic spaces ϕ0 : (V, h) → (V ′, h′) through the relation
(3) and we have (ϕ0, ϕ) ∈ HomClRep×w (γ, γ
′).
In view of this, we denote isomorphisms of weakly-faithful complex Clifford representations only by
ϕ (since ϕ determines ϕ0 in this case). From the previous proposition, we obtain:
Corollary 3.7. The group HomClRep×w (γ, γ
′) can be identified with the following subset of the set
IsoC(S, S
′) of linear isomorphisms from S to S′:
HomClRep×w (γ, γ
′) ≡ {ϕ ∈ IsoC(S, S
′)|Ad(ϕ)(γ(V )) = γ′(V ′)} , γ, γ′ ∈ Ob(ClRepw) .
3.3. Complex Lipschitz groups. When γ is weakly-faithful, we can identify V with its image
W
def.
= γ(V ) inside EndC(S). Equip W with the bilinear form µ induced by γ from (V, h), so that
(W,µ) is a real quadratic space isometric with (V, h).
Definition 3.8. The complex Lipschitz group of a weakly-faithful complex Clifford representation
γ : Cl(V, h)→ EndC(S) is defined as the following sub-group of AutC(S):
Lγ
def.
= {ϕ ∈ AutC(S) |Ad(ϕ)(W ) =W} ,
where W = γ(V ).
Notice that Lγ consists of C-linear transformations of S.
Definition 3.9. Given a weakly-faithful complex Clifford representation γ ∈ Ob(ClRepw), we
define the adjoint representation Adγ : Lγ → O(V, h) of Lγ by:
Adγ(ϕ)
def.
= (γ|V )
−1 ◦Ad(ϕ) ◦ (γ|V ) ,
for all ϕ ∈ Lγ .
The following proposition partially characterizes the image of the adjoint representation Adγ and
in particular shows that Adγ is well-defined.
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Proposition 3.10. Let γ : Cl(V, h)→ EndC(S) be a weakly-faithful complex Clifford representation
and w be an element of the space W = γ(V ). Then w is an element of Lγ and Adγ(w) = −Rw0 ,
where Rw0 denotes the orthogonal reflection of (V, h) with respect to the hyperplane orthogonal to
the vector w0
def.
= (γ|V )−1(w) ∈ V . If d
def.
= dimR V is even, then we have Adγ(Lγ) = O(V, h). If d
is odd, then we have SO(V, h) ⊆ Adγ(Lγ).
Proof. Explicit computation shows that:
Adγ(w)(v) = w0vw
−1
0 = −v + 2
g(w0, v)
g(w0, w0)
w0 = −Rw0(v) ,
for every v ∈ V , where w0 = γ−1(w) ∈ V . The Cartan-Dieudonné theorem implies that Adγ(Lγ) =
O(V, h) for even d and SO(V, h) ⊆ Adγ(Lγ) for odd d. 
Remark 3.11. For d odd, the image Adγ(Lγ) ⊆ O(V, h) of Lγ in O(V, h) depends on the details
of the particular weakly-faithful representation γ under consideration. We will see for instance in
Proposition 2.4 that if γ is irreducible, then Adγ(Lγ) = SO(V, h).
The following Proposition follows form Corollary 3.7, but we give a direct proof because of its
importance later.
Proposition 3.12. Let γ be a weakly-faithful complex Clifford representation. Then the Lipschitz
group Lγ is canonically isomorphic with the automorphism group AutClRepw(γ) of γ in the category
ClRepw of weakly faithful complex Clifford representations. In particular, the isomorphism class of
the group Lγ depends only on the isomorphism class of γ in that category.
Proof. Any ϕ ∈ Lγ induces an invertible isometry ϕ0 ∈ O(V, h) through relation (3), namely:
(4) ϕ0 = (γ|V )
−1 ◦Ad(ϕ) ◦ (γ|V ) ∈ O(V, h) ,
which implies:
γ ◦ Cl(ϕ0) = Ad(ϕ) ◦ γ .
Thus (ϕ0, ϕ) is the unique automorphism of γ in the category ClRepw whose second component
equals ϕ. Conversely, we have ϕ ∈ Lγ for any (ϕ0, ϕ) ∈ AutClRepw(γ) (see Proposition 3.3) and ϕ0
is determined by ϕ through relation (4) (see Proposition 3.6). Hence the map F : AutClRep(γ)→ Lγ
given by F (ϕ0, ϕ)
def.
= ϕ is an isomorphism of groups which allows us to identify Lγ with AutClRep(γ).

4. Elementary complex Lipschitz groups
Definition 4.1. The complex Lipschitz group Lγ of an irreducible complex Clifford representation
is called an elementary complex Lipschitz group.
Let (V, h) be a real quadratic space of signature (p, q) and dimension d = p + q. When d
is even, all irreducible complex Clifford representation γ : Cl(V, h) → EndC(S) are mutually C-
equivalent and faithful (these are called Dirac representations in [1]). When d is odd, there exist
up to C-equivalence exactly two complex Clifford representations γ : Cl(V, h) → EndC(S), none
of which is faithful (these are called Pauli representations in op. cit.). As we shall see below,
both of these representations are weakly-faithful. Moreover, they are unbasedly isomorphic in
the category ClRepw. In particular, the category ClRepw contains a single unbased isomorphism
class of irreducible complex Clifford representations of any given quadratic space (V, h) (and this
isomorphism class is uniquely determined by the dimension and signature of (V, h)).
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4.1. The case when d is even. In this case, there exists a single C-equivalence class of irreducible
complex Clifford representations γ : Cl(V, h) → EndC(S) and any such representation is faithful
and satisfies dimC S = 2
d
2 (being a “Dirac representation”); in fact, the map γ is bijective. The
elementary complex Lipschitz group of such representations was determined in [1, Theorem 1]:
Proposition 4.2. [1] When d is even, we have Lγ = Pin(V, h) · C
× ≃ Γ(V, h), which is homotopy-
equivalent with Pinc(V, h).
4.2. The case when d is odd. When d is odd, an irreducible complex representation of Cl(V, h) is
non-faithful of dimension dimC S = 2
d−1
2 . Up to C-equivalence, there exist two such representations
γ+ and γ− (called “Pauli representations” in [1]), which can be described as follows. Since d is odd,
the Clifford volume element ν ∈ Cl(V, h) determined by some fixed orientation of V is central in
Cl(V, h) and satisfies ν2 = σp,q
def.
= (−1)
p−q−1
2 . Since Cl(V, h) is generated by V over C, the real
volume element is also central in Cl(V, h), where it can be rescaled to a complex volume element2
νC
def.
= λν ∈ Cl(V, h), where λ is one of the two complex square roots of σp,q. The complex volume
element is central in Cl(V, h) and satisfies ν2
C
= 1. Since νC is central and squares to +1, we can
decompose Cl(V, h) as a direct sum of two-sided ideals:
Cl(V, h) =
1
2
(1 + νC)Cl(V, h)⊕
1
2
(1 − νC)Cl(V, h) ,
which are unital C algebras of dimension 2d−1, with units given respectively by 12 (1+νC) and
1
2 (1−νC)
(note however that they are not unital subalgebras of Cl(V, h)). There exist two representations γ+
C
and γ−
C
of Cl(V, h) which can be realized on the same C-vector space S and are distinguished by
their value on νC:
γ±
C
(νC) = ±idS .
The kernel of γ±
C
is given by:
(5) ker γ±
C
=
1
2
(1 ∓ νC)Cl(V, h) .
Restricting γ±
C
gives unital isomorphisms of C-algebras:
γ±
C
:
1
2
(1 ± νC)Cl(V, h)
∼
→ EndC(S) .
We have Cl(V, h) = Cl(V, h)⊕iCl(V, h), where i denotes the imaginary unit. The irreducible complex
representations γ± are now obtained by restricting γ±
C
to Cl(V, h):
γ±
def.
= γ±
C
|Cl(V,h) .
Proposition 4.3. The Pauli representations γ± are weakly-faithful and isomorphic in the category
ClRepw.
Proof. The restriction γ±|V = γ
±
C
|V is injective iff V ∩ ker γC = 0. The Chevalley-Crumeyrolle-
Riesz isomorphism identifies Cl(V, h) with ∧V ∨. Using this identification, we have x νC ∈ ∧d−1V ∨C
for any vector x ∈ V . Relation (5) shows that one can have ker γ±
C
∩ V 6= 0 only when d = 2,
which is disallowed since d is odd. This shows that we must have ker γ±
C
∩ V = 0, which implies
ker γ± ∩ V = 0. This shows that γ± are weakly-faithful.
It is well-known that γ− = γ+◦π, where π is the parity involution of Cl(V, h). Since π = Cl(−idV )
is the automorphism of Cl(V, h) which is induced by minus the identity map of V (which is an
isometry of V ), it follows that γ+ and γ− are isomorphic in the category ClRepw, being related by
the involutive unbased isomorphism:
(−idV , idS) : γ
+ ∼→ γ− .

2Notice that νC belongs to Cl(V, h) iff σp,q = +1 (i.e. if and only if p− q ≡8 1, 5), in which case we have νC = ±ν.
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Lemma 4.4. When d is odd, the restriction of γ±
C
gives a unital isomorphism of associative C-
algebras from Cl+(V, h) to EndC(S).
Proof. It is obvious that γ±
C
restricts to a unital morphism of algebras from Cl+(V, h) to EndC(S).
The equation x νC = ǫ x has no solutions in Cl
+(V, h) because the left-hand side is odd while
the right-hand side is even; this shows that γ±
C
|Cl+(V,h) is injective. On the other hand, we have
dimC Cl
+(V, h) = dimC EndC(S) = 2
d−1, so γ±
C
|Cl+(V,h) is bijective. 
Proposition 4.5. Let γ : Cl(V, h)→ EndC(S) be an irreducible complex Clifford representation such
that d = dimR V is odd. Then γC restricts to an isomorphism between Γ
s(V, h) ≃ Spinc(V, h) · C×
and Lγ. In particular, the elementary complex Lipschitz group Lγ is homotopy-equivalent with
Spinc(V, h).
Proof. From Lemma 4.4 we have a unital isomorphism of algebras γC : Cl
+(V, h)→ EndC(S) which
restricts to an isomorphism of groups γC : Cl
+(V, h)× → AutC(S). In turn, this further restricts to
an isomorphism of groups:
γC : Γ
s(V, h)
∼
−→ Lγ .
The fact that Lγ is homotopy-equivalent to Spin
c(V, h) now follows from Proposition 2.4. 
Since for odd d and complex irreducible γ the kernel of Adγ is given by the complex multiples of
the identity, the previous proposition gives the short exact sequence:
1→ C× → Lγ
Adγ
−−−→ SO(V, h)→ 1 .
Remark 4.6. For odd d, reference [1] determines the non-elementary complex Lipschitz group of
the faithful but reducible complex Cartan representation of Cl(V, h). As shown in [1], that complex
Lipschitz group is isomorphic with [Pin(V, h) ⋊ (C×)2]/Z2, where the semidirect product in the
numerator is determined explicitly in op. cit.
4.3. Realification of Clifford representations. Let (V, h) be a real quadratic space of signature
(p, q) and dimension d = p+ q. For K ∈ {R,C}, let RepK(Cl(V, h)) denote the ordinary category of
K-linear representations of Cl(V, h) (whose morphisms are the based morphisms of representations).
Let RepwK(Cl(V, h)) denote the full sub-category of RepK(Cl(V, h)) whose objects are the weakly-
faithful representations. Given a complex Clifford representation γ : Cl(V, h) → EndC(S), let SR
be the underlying real vector space of S and γR : Cl(V, h) → EndR(SR) be the realification of
γ, i.e. the real Clifford representation obtained from γ by forgetting the complex structure of S.
Given two complex Clifford representations γi : Cl(Vi, hi) → EndC(Si) (with i = 1, 2) and a based
morphism of complex representations ϕ : γ1 → γ2, let ϕR : γ1R → γ2R be the based morphism of
real representations obtained by forgetting the complex structures of S1 and S2.
Definition 4.7. The realification functor R : RepC(Cl(V, h))→ RepR(Cl(V, h)) is the functor which
maps a complex representation γ : Cl(V, h) → EndC(S) to the real representation R(γ)
def.
= γR :
Cl(V, h) → EndR(SR) and a based morphism ϕ : γ1 → γ2 of complex representations to the based
morphism of real representations R(ϕ)
def.
= ϕR : γ1R → γ2R.
It is clear that R is faithful and that it maps RepwC (Cl(V, h)) to Rep
w
R (Cl(V, h)).
Proposition 4.8. Let γ : Cl(V, h) → EndC(S) be an irreducible complex Clifford representation,
where (V, h) has signature (p, q) and dimension d = p + q. Then the realification γR of γ is R-
irreducible iff p− q ≡8 3, 4, 6, 7.
Proof. Distinguish the cases:
1. When d is even. Then γ is a Dirac representation and we have dimC S = 2
d
2 . Thus dimR SR =
2
d
2
+1. Comparing with Table 4 of [6, Sec. 2.4], we see that γR is irreducible iff p − q ≡9 4, 6
(which corresponds to the “quaternionic simple case” of op. cit.).
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2. When d is odd. Then we can take γ to be one of the Pauli representations γ±, both of which
satisfy dimC S = 2
[d2 ]. Thus dimR SR = 2
[d2 ]+1. Comparing with Table 4 of [6, Sec. 2.4], we see
that γR is irreducible iff p− q ≡9 3, 7 (which corresponds to the “complex case” of op. cit.).

Let IrrepK(Cl(V, h)) denote the full subcategory of Rep
w
K(Cl(V, h)) whose objects are the irreducible
representations.
Proposition 4.9. When p−q ≡8 3, 4, 6, 7, the restriction R : IrrepC(Cl(V, h))
× → IrrepR(Cl(V, h))
×
of the realification functor is faithful and strictly surjective but not full. Moreover:
1. When p− q ≡8 3, 7, the R-preimage of a real irreducible representation η : Cl(V, h) → EndR(Σ)
has cardinality two and consists of the C-inequivalent complex Pauli representations of Cl(V, h)
whose representation space is obtained by endowing Σ with the complex structures J± = ±γ(ν),
where ν is the Clifford volume form determined by some orientation of V .
2. When p− q ≡8 4, 6, the R-preimage of a real irreducible representation η : Cl(V, h) → EndR(Σ)
is in bijection with the unit sphere S2 and consists of the complex Dirac representations whose
complex structures are the unit imaginary elements of the commutant of im(η) (which in these
cases is a quaternion algebra).
Proof. The fact that R is faithful follows immediately from its definition. For the remaining state-
ments, consider the cases:
1. p− q ≡8 3, 7. In this case, there exist exactly two complex structures J± on the R-vector space
Σ which lie in the commutant of im(η) (see [6, Section 2.7]). Namely, one has J± = ±γ(ν),
where ν ∈ Cl(V, h) is the Clifford element defined by a fixed orientation of V . Since J± commute
with η(x) for all x ∈ Cl(V, h), it follows that η coincides with the realification of any of the
complex representations γ± : Cl(V, h) → EndC(S
±) obtained from η by endowing Σ with the
complex structure J± to obtain a complex vector space S
±. Notice that S− coincides with the
complex-conjugate of S+, hence γ+ and γ− are mutually inequivalent Pauli representations (the
dimension d = p+ q of V is odd when p− q ≡8 3, 7). We have Σ = (S±)R and η = (γ±)R, which
shows that the restriction of R is (strictly) surjective. Moreover, the R-preimage of η consists of
the two complex representations γ+ and γ−.
Let η′ : Cl(V, h) → EndR(Σ′) is a real irreducible representation which is equivalent with γ
and J ′±
def.
= ±γ′(ν). Given a based isomorphism (equivalence of representations) ψ : η
∼
→ η′, we
have ψ ∈ HomR(Σ,Σ′) and:
ψ ◦ η(x) = η′(x) ◦ ψ ∀x ∈ Cl(V, h) .
Since J± lies in the commutant of im(η), this relation implies that the complex structure ψ ◦J± ◦
ψ−1 ∈ EndR(Σ′) lies in the commutant of im(η′) and hence that we must have ψ◦J±◦ψ−1 = ǫψJ ′±,
i.e. ψ ◦ J± = ǫψJ ′± ◦ ψ for some ǫψ ∈ {−1, 1}. This give the disjoint union decomposition:
IsoRepR(Cl(V,h))(η, η
′) = Iso+Rep
R
(Cl(V,h))(η, η
′) ⊔ Iso−Rep
R
(Cl(V,h))(η, η
′) ,
where:
Iso±Rep
R
(Cl(V,h))(η, η
′)
def.
= {ψ ∈ IsoRep
R
(Cl(V,h))(η, η
′)|ǫψ = ±1} .
It is clear from the above that:
(6) R(IsoRep
C
(Cl(V,h))(γ
ǫ, γ′ǫ
′
)) = Isoǫǫ
′
Rep
R
(Cl(V,h))(η, η
′) ∀ǫ, ǫ′ ∈ {−1, 1} .
In particular, each of the sets Iso±RepR(Cl(V,h))
(η, η′) is non-empty and relation (6) shows that R
is not full.
2. p − q ≡8 4, 6. In this case, the commutant of im(η) inside the R-algebra EndR(Σ) (which is
called the Schur algebra of η) is a unital associative algebra isomorphic with the algebra H of
quaternions. The set of those complex structures on Σ which lie in the commutant of im(γ)
corresponds to the unit imaginary quaternions, being in bijection with the unit two-sphere S2.
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It is clear that η coincides with the realification of any of the complex Dirac representations
obtained from η by endowing Σ with one of these complex structures. This immediately implies
that R is not full.

4.4. Comparison of complex and real elementary Lipschitz groups when p−q ≡8 3, 4, 6, 7.
For p − q ≡8 3, 7, the elementary complex Lipschitz group of an irreducible complex Clifford rep-
resentation γ is homotopy-equivalent to Spinc(V, h), while the reduced elementary real Lipschitz
group associated to γR is homotopy-equivalent to Spin
o(V, h) [3]. The latter group is Z2-graded
with even component equal to the Spinc(V, h) subgroup consisting of those elements of Spino(V, h)
which are C-linear automorphisms of S:
Spinc(V, h) ≃ {a ∈ Spino(V, h)|a ∈ EndC(S)} .
Unlike Spinc(V, h), the reduced elementary real Lipschitz group Spino(V, h) also contains R-linear
endomorphisms of S which are C-antilinear; these form the odd component of Spino(V, h).
For p − q ≡8 4, 6, the elementary complex Lipschitz group of an irreducible complex Clifford
representation γ is homotopy-equivalent to Pinc(V, h), while the reduced elementary real Lipschitz
group associated to γR is homotopy-equivalent to Pin
q(V, h) [3].
Remark 4.10. When p−q 6≡8 3, 4, 6, 7, the real Clifford representation obtained by realification from
an irreducible complex Clifford representation is reducible. In that case, there is no simple relation
between real and complex elementary Lipschitz groups.
5. Complex pinor bundles and complex Lipschitz structures
5.1. Complex Lipschitz structures. Let (V, h) be a quadratic real vector space and η : Cl(V, h)→
EndC(Σ) be a weakly-faithful complex Clifford representation, where Σ is a C-vector space. We
denote by Lη the corresponding complex Lipschitz group and by Adη : Lη → O(V, h) its adjoint
representation.
Definition 5.1. Let M be a connected manifold and PO be a principal O(V, h)-bundle over M . A
complex Lipschitz structure of type η on PO is a pair (Q,Λ), where Q is a principal Lη-bundle over
M and Λ: Q→ PO is a bundle map fitting into the following commutative diagram:
Q× Lη
Λ×Adη

// Q
Λ

PO ×O(V, h) // PO
where the horizontal arrows denote the right action of the group on the corresponding bundle.
Definition 5.2. Let (Q1,Λ1) and (Q2,Λ2) be two complex Lipschitz structures of type η over PO.
A morphism of complex Lipschitz structures from (Q1,Λ1) to (Q2,Λ2) is a morphism F : Q1 → Q2
of principal Lη-bundles such that Λ
2 ◦ F = Λ1, i.e. such that the following diagram commutes:
Q1
Λ1

F // Q2
Λ2

PO
id // PO
Let (M, g) be a connected pseudo-Riemannian manifold. In the following we take PO to be the
orthogonal coframe bundle PO(M, g) of (M, g), so (V, h) is an isometric model of any of the quadratic
spaces (T ∗pM, g
∗
p), where p is a point ofM and g
∗
p is the contragradient metric induced by g on T
∗
pM .
A complex Lipschitz structure on PO(M, g) be called a complex Lipschitz structure on (M, g).
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Definition 5.3. Let Lη(M, g) be the category whose objects are the complex Lipschitz structures
of type η on (M, g) and whose arrows are morphisms of complex Lipschitz structures. We denote
by Lη(M, g)
× the corresponding groupoid.
5.2. Reduced complex Lipschitz structures. Let η : Cl(V, h)→ EndC(Σ) be a weakly-faithful
Clifford representation and Lη be the corresponding complex Lipschitz group.
Definition 5.4. A reduction of Lη is a closed subgroup L
0
η ⊂ Lη such that there exists a surjective
morphism of Lie groups r : Lη → L
0
η which satisfies the conditions:
(1) r is a homotopy retraction of the inclusion map ι : L0η →֒ Lη, i.e. we have r ◦ ι = idL0η and
the map ι ◦ r : Lη → Lη is homotopic to idLη .
(2) We have Adη ◦ r = Adη, i.e. r fits into the following commutative diagram:
L0η
ι
ww
Adη◦ι
""❋
❋❋
❋❋
❋❋
❋❋
Lη
r
??⑧⑧⑧⑧⑧⑧⑧⑧
Adη
// O(V, h)
In this case, r is called an equivariant homotopy retraction of Lη onto L
0
η.
Remark 5.5. Since r : Lη → L0η is a retraction, the Lie group Kη
def.
= ker r = r−1(1) is contractible
(indeed, the restriction r|Kη : Kη → 1 is a homotopy retraction).
Example 5.6. When dimR V is even, the group Pin
c(V, h) is a reduction of the elementary complex
Lipschitz group Pin(V, h)·C× ≃ Γ(V, h), an equivariant homotopy retraction being given in equation
(1). When dimR V is odd, the group Spin
c(V, h) is a reduction of the elementary complex Lipschitz
group Spin(V, h) · C× ≃ Γs(V, h), an equivariant homotopy retraction being given by r|Spinc(V,h).
Let L0η be a reduction of Lη, with inclusion map ι and equivariant retraction map r. Let
Ad0η
def.
= Adη|L0η and Kη
def.
= ker r. A reduced complex Lipschitz structure with structure group
L0η is defined as in Definition 5.1, but replacing Lη with L
0
η and Adη with Ad
0
η. A morphism of
reduced complex Lipschitz structures is defined similarly to Definition 5.2. With these definitions,
reduced complex Lipschitz structures with structure group L0η and defined on (M, g) form a category
denoted L0η(M, g), whose unit groupoid we denote by L
0
η(M, g)
×.
The right-split short exact sequence of groups:
1 // Kη // Lη
r // L0η
ι
hh // 1
induces mutually inverse isomorphisms in cohomology:
H1(M,Lη)
r∗ // H1(M,L0η)
ι∗
mm ,
where we used the fact that Kη is contractible. This shows that r∗ and ι∗ give inverse bijections
between the sets of isomorphism classes of principal Lη-bundles and principal L
0
η-bundles defined on
M . The maps r∗ and ι∗ are induced by the associated fiber bundle construction, which gives mu-
tually quasi-inverse functors between the corresponding categories of principal bundles. Below, we
show that these functors in turn induce mutually quasi-inverse equivalences between the categories
Lη(M, g) and L
0
η(M, g).
Definition 5.7. Let (Q,Λ) be a complex Lipschitz structure of type η over (M, g). An L0η-reduction
of (Q,Λ) is a triple (Q0,Λ0, I), where (Q0,Λ0) ∈ Ob(L0η(M, g)) and I : Q0 → Q is an injective fiber
bundle map such that the following conditions are satisfied:
1. I is an L0η-reduction of the principal bundle Q. Thus I(q0u0) = I(q0)ι(u0) for all q0 ∈ Q0 and all
u0 ∈ L0η.
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2. The following diagram commutes:
Q0
Λ0 $$■
■■
■■
■■
■■
I // Q
Λ

PO(M, g)
Definition 5.8. Let (Q,Λ) be a complex Lipschitz structure of type η over (M, g). An L0η-retraction
of (Q,Λ) along r is a triple (Q0,Λ0, R), where (Q0,Λ0) ∈ Ob(L0η(M, g)) and R : Q → Q0 is a
surjective fiber bundle map such that the following conditions are satisfied:
1. R(qu) = R(q)r(u) for all q ∈ Q and all u ∈ Lη.
2. The following diagram commutes:
Q
Λ $$❍
❍❍
❍❍
❍❍
❍❍
R // Q0
Λ0

PO(M, g)
Remark 5.9. Given an L0η-retraction (Q0,Λ0, R) of (Q,Λ) along r, the map R makes Q into a
principal fiber bundle over Q0 with structure group Kη = ker r. This principal bundle is trivial
since Kη is contractible (which implies that the bundle has a section).
Proposition 5.10. Consider the functor I : L0η(M, g)→ Lη(M, g) defined as follows:
• For any (Q0,Λ0) ∈ Ob(L
0
η(M, g)), define (Q,Λ) := I(Q0,Λ0) ∈ Ob(Lη(M, g)) through:
Q
def.
= Q0 ×ι Lη , Λ([q0, u]ι)
def.
= Λ0(q0) ◦Adη(u) ∀[q0, u]ι ∈ Q .
• For any morphism F0 : (Q10,Λ
1
0)→ (Q
2
0,Λ
2
0) in L
0
η(M, g), define F := I(F0) through:
F ([q0, u]ι)
def.
= [F0(q0), u]ι ∀ [q0, u]ι ∈ I(Q
1
0) .
Then (Q0,Λ0, I) is an L
0
η-reduction of (Q,Λ), where the injective fiber bundle map I : Q0 → Q is
given by:
(7) I(q0)
def.
= [q0, 1]ι ∀q0 ∈ Q0 .
Moreover, the surjective map π : Q→ Q0 defined through:
π([q0, u]ι) = q0r(u)
satisfies π ◦ I = idQ0 and makes (Q0,Λ0, π) into an L
0
η-retraction of (Q,Λ) along r.
Proof. The morphism Λ makes Q into a Lipschitz structure since Λ([q0, u] ·w) = Λ0(q0)◦Adη(uw) =
Λ([q0, u]) ◦Adη(w) for all w ∈ Lη. Given [q0, u]ι ∈ Q1 and u0 ∈ L0η, we have:
F ([q0u0, u
−1
0 u]ι) = [F0(q0u0), u
−1
0 u]ι = [F0(q0)u0, u
−1
0 u]ι = [F (q0), u]ι = F ([q0, u]ι) ,
which shows that F is well-defined. The fact that (Q0,Λ0, I) is an L
0
η-reduction of (Q,Λ) follows
from:
(Λ ◦ I)(q0) = Λ([q0, 1]ι) = Λ0(q0) , ∀ q0 ∈ L
0
η .
Any element q ∈ Q can be written as q = [q0, x]ι, where x ∈ ker r and q0 := π0(q) ∈ Q0 are
uniquely determined by q. Indeed, any u ∈ Lη can be written uniquely as u = u0x with u0 ∈ L0η
and x ∈ Kη = ker r, namely u0 = r(u) and x = u
−1
0 u.
The map π is well-defined since:
π([q0u0, u]ι) = q0u0r(u) = q0r(u0u) ,
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where we used the fact that r|L0η = idL0η and that fact that r is a morphism of groups. We have
π−1(q0) = {[q0, x]ι|x ∈ Kη} and π(qu) = π(q)r(u) for all q ∈ Q and u ∈ Lη. Moreover, we have:
Λ0(π([q0, u]ι)) = Λ0(q0r(u)) = Λ0(q0)Adη(r(u)) = Λ0(q0)Adη(u) = Λ([q0, u]ι) ,
where we used the relation Adη ◦ r = Adη. This shows that (Q0,Λ0, π) is an L0η-retraction of (Q,Λ)
along r. It is clear that we have π ◦ I = idQ0 . 
Proposition 5.11. Consider the functor R : Lη(M, g)→ L0η(M, g) defined as follows:
• For any (Q,Λ) ∈ Ob(Lη(M, g)), define (Q0,Λ0) := R(Q,Λ) ∈ Ob(L0η(M, g)) through:
Q0
def.
= Q×r L
0
η , Λ0([q, u0]r)
def.
= Λ(q) ◦Ad0η(u0) ∀[q, u0]r ∈ Q×r L
0
η
• For any morphism F : (Q1,Λ1)→ (Q2,Λ2) in Lη(M, g), define F0 := R(F ) through:
F0([q, u0]r)
def.
= [F (q), u0]r ∀ [q, u0]r ∈ R(Q
1) .
Then (Q0,Λ0, R) is an L
0
η-retraction of (Q,Λ) along r, where the surjective fiber bundle map R :
Q→ Q0 is given by:
(8) R(q)
def.
= [q, 1]r ∀q ∈ Q .
Moreover, there exists an injective fiber bundle map j : Q0 → Q which makes (Q0,Λ0, j) into an
L0η-reduction of (Q,Λ) and satisfies R ◦ j = idQ0 .
Proof. Clearly Q0 is a principal L
0
η-bundle. To see that Λ0 is well-defined, note that for all u ∈ Lη
we have:
Λ0([qu, r(u)
−1u0]r) = Λ(qu)◦Ad
0
η(r(u)
−1u0) = Λ(q)◦Adη(u)◦Adη(r(u))
−1◦Adη(u0) = Λ0([q, u0]r) ,
where we used the relation Adη ◦ r = Adη. The fact that F0 is well-defined follows from direct
computation by using the equivariance of F . To show that R is an L0η-retraction of (Q,Λ) along r,
we compute:
(Λ0 ◦R)(q) = Λ0([q, 1]r) = Λ(q)Ad
0
η(1) = Λ(q) .
Since r : Lη → L0η is surjective, any q0 ∈ Q0 can be written in the form q0 = [q, 1]r, where q ∈ Q
is determined by q0 up to a transformation of the form q → qx, where x ∈ ker r. Hence R−1(q) is
a ker r-torsor and the map R : Q → Q0 presents Q as a principal ker r-bundle over Q0. Hence the
structure group of the principal bundle R : Q→ Q0 is contractible, which implies that this principal
bundle is trivial and thus has a section. We claim that we can find a section j : Q0 → Q of R which
is L0η-equivariant.
Let Diff(Kη) denote the group of diffeomorphisms of Kη. The map ϕ : Lη → Diff(Kη) defined
through:
ϕ(u)(x)
def.
= r(u)xu−1 ∀u ∈ Lη ∀x ∈ Kη
is a morphism of groups which defines a smooth left action of the Lie group Lη on the underlying
manifold of Kη. Consider the fiber bundle defined through T
def.
= Q×ϕ Kη.
We next show existence3 of an L0η-equivariant section of R. Since Kη is contractible, the fiber
bundle T admits a section s ∈ Γ(M,T ). This section corresponds to a map σ : Q → Kη such that
σ(qu) = ϕ(u)−1σ(q), i.e.:
(9) σ(qu) = r(u)−1σ(q)u ∀q ∈ Q ∀u ∈ Lη .
Let j : Q0 → Q be the map defined through:
j([q, u0]r)
def.
= qσ(q)−1u0 , ∀q ∈ Q ∀u0 ∈ L
0
η .
Then (9) implies that j is well-defined, since for all u ∈ Lη we have:
j([qu, u0]r) = quσ(qu)
−1u0 = quu
−1σ(q)−1r(u)u0 = qσ(q)
−1r(u)u0 = j([q, r(u)u0]r) .
3This argument is based on a suggestion of A. Moroianu.
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Moreover, we have:
(R◦j)([q, u0]r) = R(qσ(q)
−1u0) = R(q)r(σ(q)
−1u0) = R(q)r(σ(q)
−1)r(u0) = R(q)u0 = [q, 1]ru0 = [q, u0]r ,
where we used the fact that σ(q)−1 ∈ Kη = ker r and the identity r|L0η = idL0η . Thus R ◦ j = idQ0 .
We also have:
j([q, u0]rv0) = j([q, u0v0]r) = j([q, u0]r)v0 ∀v0 ∈ L
0
η .
Hence j is an L0η-equivariant section of R : Q→ Q0:
(10) j(q0u0) = j(q0)u0 ∀q0 ∈ Q0 ∀u0 ∈ L
0
η .

Theorem 5.12. The functors I and R give mutually quasi inverse equivalences between the cate-
gories L0η(M, g) and Lη(M, g).
Proof. Composition of I and R gives functors:
I ◦ R : Lη(M, g)→ Lη(M, g) and R ◦ I : L
0
η(M, g)→ L
0
η(M, g) .
We will construct isomorphisms of functors:
N : idLη(M,g)
∼
→ I ◦ R and K : idL0η(M,g)
∼
→ R◦ I .
1. Construction of N . Let (Q,Λ) be a complex Lipschitz structure of type η and set (Q0,Λ0)
def.
=
R(Q,Λ). Let R : Q → Q0 be the map which makes (Q0,Λ0, R) into an L0η-retraction of (Q,Λ)
along r and let j : Q0 → Q be an L
0
η-equivariant section of R which makes (Q0,Λ0, j) into an
L0η-reduction of (Q,Λ) (see Proposition 5.11). For every q ∈ Q, let xq be the unique element
of Lη such that q = j(R(q))xq . For any u ∈ Lη, direct computation using L0η-equivariance of j
shows that xqu = r(u)
−1 xq u. Applying R to the relation q = j(R(q))xq gives:
(11) R(q) = (R ◦ j ◦R)(q)r(xq) = R(q)r(xq) ,
where we used the identity R ◦ j = idQ0 . Since the action of Lη on Q is free, relation (11) gives
r(xq) = 1. Let (Q
′,Λ′)
def.
= (I ◦ R)(Q,Λ) = I(Q0,Λ0) and consider the bijective fiber bundle
map:
NQ,Λ : Q→ Q
′
given by NQ,Λ(q)
def.
= [[q, 1]r, xq]ι. For any u ∈ Lη, we have:
NQ,Λ(qu) = [[qu, 1]r, r(u)
−1 xq u]ι = [[q, 1]rr(u), r(u)
−1 xq u]ι = [[q, 1]r, xq u]ι = NQ,Λ(q)u .
Hence NQ,Λ is an isomorphism of principal Lη-bundles. Moreover, we have:
Λ′ ◦ NQ,Λ(q) = Λ
′([[q, 1]r, xq]ι) = Λ0([q, 1]r) ◦Adη(xq) = Λ0([q, 1]r) = Λ(q) ,
where we used the fact that Adη(xq) = Adη(r(xq)) = Adη(1) = 1. Hence NQ,Λ is an isomorphism
of Lipschitz structures from (Q,Λ) to (Q′,Λ′) = (I ◦R)(Q,Λ). Given any morphism of Lipschitz
structures F : (Q1,Λ1)→ (Q2,Λ2), it is easy to see that the following diagram commutes:
(I ◦ R)(Q1,Λ1)
(I◦R)(F )// (I ◦ R)(Q2,Λ2)
(Q1,Λ1),
NQ1,Λ1
OO
F // (Q2,Λ2)
NQ2,Λ2
OO
showing that N is a natural transformation.
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2. Construction of K. For any (Q0,Λ0) ∈ Ob(L0η(M, g)), there exists an isomorphism in L
0
η(M, g):
KQ0,Λ0 : (Q0,Λ0)
∼
−→ (R ◦ I)(Q0,Λ0) .
given by KQ0,Λ0(q0)
def.
= [[q0, 1]ι, 1]r = (R ◦ I)(q0). It is easy to see K : idL0η(M,g) → R ◦ I is an
invertible natural transformation.

5.3. Complex pinor bundles.
Definition 5.13. A complex pinor bundle over (M, g) is a pair (S, γ), where S is a complex vector
bundle over M and γ : Cl(M, g)→ EndC(S) is a unital morphism of bundles of algebras such that
γp : Cl(T
∗
pM, g
∗
p) → EndC(Sp) is a weakly-faithful complex representation of Cl(T
∗
pM, g
∗
p) for any
p ∈ M . We say that (S, γ) is of type η if, for every p ∈ M , the complex Clifford representations
η and γp are (unbasedly) isomorphic. We say that (S, γ) is elementary if its type is an irreducible
complex Clifford representation.
Remark 5.14. A complex pinor bundle is the same as a bundle of complex Clifford modules defined
on (M, g). We use the name “pinor” (rather than “spinor”) in order to distinguish such bundles from
bundles of modules defined over the even sub-bundle of the Clifford bundle. Notice that the type
η of a complex pinor bundle (S, γ) is well-defined up to (unbased) isomorphism of complex Clifford
representations.
Definition 5.15. A based morphism of complex pinor bundles F : (S, γ) → (S′, γ′) is a based
morphism F : S → S′ of complex vector bundles such that:
LF ◦ γ = RF ◦ γ
′ ,
i.e. such that the fiber map Fp : Sp → S′p at any point p ∈ M is a based morphism of Clifford
representations from γp : Cl(T
∗
pM, g
∗
p)→ EndC(Sp) to γ
′
p : Cl(T
∗
pM, g
∗
p)→ EndC(S
′
p).
Since M is connected by assumption, all quadratic spaces (T ∗pM, g
∗
p) are mutually isometric and
isometric to some model quadratic space (V, h). Similarly, all fibers of S are isomorphic as C-vector
spaces and hence isomorphic with some model vector space Σ. Using a common trivializing cover
of TM and S, this implies that the complex Clifford representations γp : Cl(T
∗
pM, g
∗
p)→ EndC(Sp)
(p ∈ M) are mutually isomorphic in the category ClRepw and hence isomorphic with some model
weakly-faithful representation η : Cl(V, h) → EndC(Σ), which defines the type of (S, γ). The
isomorphism class of η in the category ClRepw is invariant under isomorphism of complex pinor
bundles.
Definition 5.16. Let ClBη(M, g) be the category whose objects are complex pinor bundles of type
η and whose arrows are based morphisms of complex pinor bundles. We denote by ClBη(M, g)
×
the corresponding groupoid.
5.4. Relation between complex pinor bundles and complex Lipschitz structures. The
following proposition is the analogue of [3, Proposition 6.1] for complex pinor bundles.
Proposition 5.17. Let η ∈ Ob(ClRepw). Consider the functors Qη : ClBη(M, g)
× → Lη(M, g)×
and Sη : Lη(M, g)
× → ClBη(M, g)× defined as follows:
A. Let (S, γ) denote a complex pinor bundle of type η on (M, g). Let Q := Qη(S, γ) denote the
principal bundle with structure group L := Lη = AutClRep(η), total space:
Q
def.
= ⊔p∈MHomClRep×w (η, γp) ,
projection given by π(q) = p for q ∈ Qp = HomClRep×w (η, γp) and right L-action given by q · g
def.
=
q◦g for all g ∈ L. We topologize Q in the obvious way. Let Λ
def.
= Λη(S, γ) : Qη(S, γ)→ PO(M, g)
be the map defined through:
(12) Λp(q)
def.
= q0 ∈ HomQuad×((V, h), (T
∗
pM, g
∗
p)) = PO(M, g)p .
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Then, (Q,Λ) is a Lipschitz structure on (M, g) relative to η, which we call the Lipschitz struc-
ture induced by (S, γ). A based isomorphism of complex pinor bundles F : (S, γ) → (S′, γ′) of
type η induces an isomorphism Qη(F ) : (Qη(S, γ),Λη(S, γ))→ (Qη(S′, γ′),Λη(S′, γ′)) of complex
Lipschitz structures relative to η, which is defined as follows (recall that Fp ∈ HomClRep×w (γp, γ
′
p)
and (Fp)0 = idT∗pM ):
Qη(F )(q)
def.
= (idT∗pM , Fp) ◦ q , ∀q ∈ Qη(S, γ)p = HomClRep×w (η, γp) .
B. Let (Q,Λ) denote a complex Lipschitz structure of type η on (M, g). Then, the vector bundle
S
def.
= Sη(Q,Λ)
def.
= Q ×ρη Σ associated to Q through the complex tautological representation
ρη : L→ AutC(Σ) of L becomes a complex pinor bundle of type η when equipped with the Clifford
structure morphism γ
def.
= γ(Q,Λ): Cl(M, g)→ EndC(S) defined as follows:
(13) γp(y)([q, s])
def.
= [q, η(Cl(Λp(q)
−1)(y))(s)] , ∀ y ∈ Cl(T ∗pM, g
∗
p) ,
for all q ∈ Qp and s ∈ Σ. We call the pair Sη(Q,Λ) = (S, γ) thus constructed the complex
pinor bundle defined by the Lipschitz structure (Q,Λ). An isomorphism of complex Lipschitz
structures F : (Q,Λ) → (Q′,Λ′) relative to η induces a based isomorphism of complex pinor
bundles Sη(F ) = (Sη(Q,Λ), γη(Q,Λ))→ (Sη(Q
′,Λ′), γη(Q
′,Λ′)) defined as follows:
(14) Sη(F )p([q, s]) = [Fp(q), s] , ∀q ∈ Qp , ∀s ∈ Σ .
Proof. The fact that (12) is Adη-equivariant follows from the relation (q ◦ϕ)0 = q0ϕ0 = q0 ◦Adη(ϕ)
for all ϕ ∈ L, which implies that the following equation holds:
(15) Λp(qϕ) = Λp(q) ◦ ϕ0 = Λp(q) ◦Adη(ϕ) .
This in turn implies that (Q,Λ) is an elementary complex Lipschitz structure of type η.
It remains to show that (13) is well-defined. In order to do this, notice that Ad(ϕ)◦η = η◦Cl(ϕ0)
for any ϕ ∈ L, which implies (using [Cl(Λp(q))]
−1 = Cl(Λp(q)
−1) and Ad(ϕ−1) = Ad(ϕ)−1):
Ad(ϕ−1) ◦ η ◦ Cl(Λp(q)
−1) = η ◦ Cl(ϕ−10 ◦ Λp(q)
−1) = η ◦ [Cl(Λp(q) ◦ ϕ0)]
−1 .
Using relation (15), this gives:
(16) Ad(ϕ−1) ◦ η ◦ Cl(Λp(q)
−1) = η ◦ Cl(Λp(qϕ)
−1) , ∀ϕ ∈ L .
Thus:
[qϕ−1, η(Cl(Λp(qϕ
−1)−1)(x))(ϕs)] = [q, ϕ−1η(Cl(Λp(qϕ
−1)−1)(x))(ϕs)] =
[q, (Ad(ϕ−1) ◦ η ◦ Cl(Λp(qϕ
−1)−1))(x)(s)] = [q, η(Cl(Λp(q)
−1)(x))(s)] ,
where in the last equality we used (16). This shows that (13) is well-defined. The fact that γp
defined in (13) is a Clifford representation is clear, as is the fact that Pη and Sη define functors. 
Remark 5.18. The same construction used above for Sη allows us to define a functor S
0
η : L
0
η(M, g)→
ClBη(M, g) which associates a complex pinor bundle to any reduced complex Lipschitz structure.
The following theorem establishes an equivalence between complex pinor bundles and complex
complex Lipschitz structures defined over (M, g).
Theorem 5.19. Let η ∈ Ob(ClRepw). The functors Qη and Sη are mutually quasi-inverse equiva-
lences between the groupoids ClBη(M, g)
× and Lη(M, g)
×.
Proof. The proof is analogous to that of [3, Theorem 6.2], so we leave it to the reader. 
Corollary 5.20. Let η ∈ Ob(ClRepw) and L
0
η be a reduction of Lη. Then there exists an equivalence
of groupoids between ClBη(M, g)
× and L0η(M, g)
×.
Proof. Follows immediately from Theorems 5.12 and 5.19. 
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Proposition 5.21. Let (Q,Λ) be a complex Lipschitz structure of type η and let (Q0,Λ0, I) be an
L0η-reduction of (Q,Λ). Then the complex pinor bundles S and S0 associated to (Q,Λ) and (Q0,Λ0)
are naturally isomorphic.
Proof. Let S = Q ×ρ Σ and S0 = Q0 ×ρ0 Σ denote the vector bundles associated to Q and Q0
through the tautological representations ρ and ρ0 = ρ|L0η of Lη and L
0
η. Let γ and γ0 denote the
structure morphisms making (S, γ) and (S0, γ0) into complex pinor bundles. A natural isomorphism
F : S0 → S is given by:
F ([q0, s]ρ0)
def.
= [I(q0), s]ρ ∀q0 ∈ Q0 ∀s ∈ Σ .
It is clear that F is well-defined. To show that it is an isomorphism of vector bundles, let p be any
point in M . Since the fiber Qp of Q at p is an Lη-torsor, it follows that for every q ∈ Qp there
exists q′0 ∈ Q
0
p such that q = I(q
′
0)u for some u ∈ Lη. Writing u = u0v with u0
def.
= r(u) ∈ L0η and
v
def.
= u−10 u ∈ Lη, we have q = I(q
′
0)u0v = I(q)v, where q0
def.
= q′0u0 ∈ Q
0
p. Thus:
[q, s]ρ = [I(q0)v, s]ρ = [I(q0), ρ(v)s]ρ = Fp([q0, ρ(v)s]ρ0 ) .
This shows that the the linear map Fp : S
0
p → Sp is surjective and hence bijective (since dimC S0p =
rkCS0 = rkCS = dimC Sp). Thus F is an isomorphism of vector bundles. For any x ∈ Cl(T ∗pM, g
∗
p),
any q0 ∈ Q
0
p and any s ∈ Σ, we have:
(Fp ◦ γ0,p(x))([q0, s]ρ0) = [I(q0), η(Cl(Λ0(q0)
−1)(x))(s)]ρ = [I(q0), η(Cl(Λ(I(q0))
−1)(x))(s)]ρ
= γp(x)([I(q0), s]ρ) = (γ0(x) ◦ F )([q, s]ρ) ,
where we used the relation Λ◦I = Λ0. This shows that (S, γ) and (S0, γ0) are isomorphic as complex
pinor bundles. 
5.5. Topological obstructions for elementary complex Lipschitz structures. The topolog-
ical obstructions to existence of complex Lipschitz structures associated to faithful complex Clifford
representations were determined in [1]. Since for even d such representations are C-irreducible, the
results of op. cit. together with those of [5] give:
Theorem 5.22. [1, 5] Suppose that d is even. Then (M, g) admits an elementary complex Lipschitz
structure if and only if it admits a Pinc(V, h) structure, i.e. if and only if there exists a principal
U(1)-bundle E over M such that:
(17) w−2 (M) + w
+
2 (M) + w
−
1 (M)
2 +w−1 (M)w
+
1 (M) = w2(E) .
When d is odd, the results of [1] concern non-elementary complex Lipschitz structures. The following
Corollary of Theorem 5.19 shows that on an odd-dimensional pseudo-Riemannian manifold any
bundle of irreducible complex Clifford modules over Cl(M, g) can be understood as a complex
spinor bundle associated to a Spinc(V, h) structure on (M, g) through the tautological irreducible
representation of Spinc(V, h).
Corollary 5.23. Suppose that d is odd. Then (M, g) admits an elementary complex pinor bundle
(S, γ) if and only if it admits a Spinc(V, h)-structure (Q,Λ) such that S is a vector bundle associated
to Q through the tautological representation of Spinc(V, h). Furthermore, the groupoid of elementary
complex pinor bundles is isomorphic to the groupoid of Spinc(V, h) structures. When (M, g) admits
a Spinc(V, h) structure, then isomorphism classes of elementary complex pinor bundles form a torsor
over H2(M,Z).
Proof. Since an irreducible complex representation is weakly faithful, the first statement in Theorem
5.19 implies that (M, g) admits an elementary complex pinor bundle (S, γ) of type η if and only
if it admits a Lipschitz structure (Q,Λ) of irreducible type η. Proposition 4.5 implies that the
associated Lipschitz group Lη is isomorphic to R>0Spin(V, h). By Proposition 2.4 we deduce that
Lη is homotopy-equivalent to L
0
η = Spin
c(V, h) via the normalization morphism r of equation (1), a
homotopy inverse of which is provided by the inclusion ι : Spinc(V, h) →֒ Lη. Hence Theorem 5.19
applies and we conclude that the groupoid of elementary complex pinor bundles is isomorphic to the
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groupoid of Spinc(V, h) structures on (M, g). In particular, every elementary complex pinor bundle
is associated to a Spinc(V, h) structure on (M, g) by means of the tautological representation. The
remaining statement follows since Spinc(V, h) structures on (M, g) form a torsor over H2(M,Z). 
Corollary 5.24. A pseudo-Riemannian manifold (M, g) admits an elementary complex pinor bun-
dle if and only if each of the following conditions are satisfied:
1. w1(M) = 0
2. There exists a principal U(1)-bundle E over M such that:
w−2 (M) + w
+
2 (M) = w2(E) .
In particular, M must be orientable.
Proof. Follows immediately from Corollary 5.23 and the results of [5]. 
5.6. Realification of complex pinor bundles. The realification functor R : RepwC (Cl(V, h)) →
RepwR (Cl(V, h)) of Subsection 4.3 induces a pinor bundle realification functor R : ClBη(M, g) →
ClBηR(M, g), where ClBηR(M, g) denotes the category of real pinor bundles of type ηR and based
morphisms of such (see [3]). When p − q ≡8 3, 4, 6, 7, this restricts to a functor which maps
elementary complex pinor bundles to elementary real pinor bundles. Since this restricted functor
is determined on fibers, the results of Subsection 4.3 imply that it is faithful but not full. The
restricted functor need not be essentially surjective since a real elementary pinor bundle need not
admit a globally-defined complex structure which is a section of its Schur sub-bundle. However, we
have:
Proposition 5.25. Assume that p − q ≡8 3, 7 and that M is orientable. Then R restricts to a
strictly surjective functor from the groupoid of elementary complex pinor bundles defined on (M, g)
to the groupoid of elementary real pinor bundles defined on (M, g).
Proof. Let ν ∈ Ω(M) be the volume form of (M, g) determined by some fixed orientation of M .
Let (Σ, ρ) be an elementary real pinor bundle on (M, g). Since p − q ≡8 3, 7, the endomorphism
J
def.
= γ(ν) ∈ Γ(M,End(S)) is a globally-defined complex structure on S which is a section of
the Schur bundle of Σ (see [6]). Thus Jp lies in the commutant of the image of the real Clifford
representation ρp : Cl(T
∗
pM, g
∗
p) → EndR(Σp) for any p ∈ M . This implies that (Σ, ρ) is the
realification of the elementary complex pinor bundle obtained by endowing Σ with the complex
structure J . 
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